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Abstract. We show that the length spectrum metric on Teichmiillcr spaces 
of surfaces of infinite topological type is complete. We also give related re- 
sults and examples that compare the length spectrum Tcichmullcr space with 
quasiconformal and the Fenchel-Nielsen Teichmiiller spaces on such surfaces. 
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1. Introduction 

In this paper, we investigate various Teichmiiller spaces associated to a surface 
of infinite topological type, in continuation of works that were done in |10j and [2] ■ 
An initial impulse to these works was given by a paper by H. Shiga |15j . 

Let S be an orientable connected surface of infinite topological type. More 
precisely, we assume that S is obtained by gluing along their boundary components 
a countably infinite number of generalized pairs of pants. Here, a generalized pair 
of pants is a sphere with three holes, a hole being either a point removed (leaving 
a puncture of the pair of pants) or an open disk removed (leaving a boundary 
component of the pair of pants). 

We study Teichmiillcr spaces of S. Wc recall that unlike in the case of surfaces 
of finite type, there are several Teichmiiller spaces associated to the surface S, each 
of of these Tcichmullcr spaces heavily depending (even set-theoretically) on the 
choice of a basepoint for that space. Furthermore, even if we fix a basepoint, the 
Teichmiillcr space depends (again, set-theoretically) on a distance function that 
we put on that space. There are various distances that one can use here. For 
instance, such a distance between two hyperbolic structures can measure suprema 
of ratios of geodesic lengths of simple closed curves with respect to these two struc- 
tures, or best quasiconformal homcomorphism constants between them, or best 
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bi-Lipschitz homeomorphism constants, or it can be equal to a sup norm associated 
to Fenchel-Nielsen coordinates, and so on. We refer to the papers [TU] and [2] for a 
discussion of such ideas. The Teichmuller spaces we obtain have consequently dif- 
ferent names, and in this paper, we shall deal with the so-called "length-spectrum 
Teichmuller space" , "quasiconformal Tcichmiillcr space" and "Fenchel-Nielsen Te- 
ichmiillcr space" . 

For the purpose of stating the results, let us briefly review the definitions. 

The length- spectrum Teichmuller space, 7i s {Hq), with bascpoint (the homotopy 
class of) a hyperbolic structure Hq on S, is the space of homotopy classes of hyper- 
bolic structures H on S such that the ratios of lengths of simple closed geodesies 
measured in the metric Hq and H are uniformly bounded (see more precisely Def- 
inition below) . This space is equipped with a natural distance di s called the 
length- spectrum distance, obtained by taking the logarithm of the supremum of ra- 
tios of geodesic lengths between (homotopy classes of) hyperbolic structures; see 
Formula (jSJ) below. 

The quasiconformal Teichmuller space with bascpoint (the homotopy class of) a 
conformal structure Hq on S, 7 qc {Ho), is the space of homotopy classes of conformal 
structures H on S such that there exists a quasiconformal mapping homotopic to 
the identity between the structures Hq and H (see more precisely Definition 12.21 
below). We denote this space by < J qc (Ho). This space is equipped with a natural 
distance d qc , the quasiconformal or Teichmuller distance, given by the logarithm of 
the dilatation of the best quasiconformal map homotopic to the identity between 
the two structures; see Formula (0 below. 

A simple closed curves on S is said to be essential if it is not homotopic to a 
point or to a puncture (but it can be homotopic to a boundary component). We let 
S = §(S) be set of isotopy classes of essential simple closed curves on S. Given an 
element a of § and a (homotopy class of) hyperbolic structure H on S, we denote 
by Ih{.oc) the length of the unique closed iJ-geodesic in the class a. 

By an abuse of language, we shall often identify a hyperbolic metric (or conformal 
structure) on S with the homotopy class of that metric (or conformal structure) as 
an element of Teichmuller space. 

A basic result that is used in comparing the two Teichmuller spaces (T/ s , di s ) and 
(7 qc , dq C ) is a result of Wolpert saying that if H and H' are two hyperbolic structures 
on the surface S, then, for any if -quasiconformal map / : (S, H) — > (S, H 1 ) and for 
any element a in §(S), we have the following inequality: 

(1) i<>jdiMl< K . 

K l H (a) 

For a proof, see pQ . We refer to this inequality as Wolpert 's inequality. 
From this inequality, we obtain a natural inclusion map 

(2) 7 qc (H Q )^7 ls (H Q ). 

In general, this inclusion map is not surjective (see |10) for an example), bur it 
is continuous (and Lipschitz), since Wolpert's inequality also implies that for any 
two elements H and H' in 7 qc (So), we have 

(3) d ls (H,H')<d qc (H,H'). 

Given an element 7 in § and a hyperbolic metric H on S, we denote by Ih(j) 
the length of the unique geodesic in the class 7, for the structure H. 

We shall also use Fenchel-Nielsen coordinates for hyperbolic structures. The 
coordinates are defined relative to a pair of pants decomposition. The notion of hy- 
perbolic pair of pants decomposition of S has to be used with some special care, one 
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reason being that unlike the case of surfaces of finite type, if we are given a topolog- 
ical pair of pants decomposition 7 = {Ci}; e j of S and a hyperbolic structure Ho on 
S, and if we replace each simple closed curve Ci by the -ffo-geodesic in its homotopy 
class, then some of these closed geodesies might accumulate on a geodesic of infinite 
length, and then the union of the closed geodesies might not be a geodesic pair of 
pants decomposition. Such a phenomenon can be seen in examples of Basmajian, 
in his paper In the paper [2], we gave a necessary and sufficient condition 
(which we called Nielsen-convexity) under which given a hyperbolic structure on a 
surface of infinite type, a topological pair of pants decomposition (or, equivalcntly, 
any topological pair of pants decomposition) can be made geodesic. Consequently, 
when we shall talk about Fenchel-Nielsen coordinates for a hyperbolic surface, we 
shall tacitly assume that the underlying hyperbolic structure is Nielsen-convex. 

In the paper [3] , we also introduced the notion of a Fenchel-Nielsen Teichmiiller 
space, 7fn(Hq), based at a hyperbolic surface Hq, with its associated Fenchel- 
Nielsen metric d,FN, relative to a fixed geodesic pants decomposition T of Hq. 

Given a pair of pants decomposition T = {Ci}; =e / (where / is an infinite count- 
able set) of the surface S, the following condition was formulated by Shiga in his 
paper [T5] : 

(4) 3M > 0,Vi e /, ^ < l H {Ci) < M. 

We shall say that a hyperbolic structure H satisfying j4]) satisfies Shiga's condi- 
tion with respect to the pair of pants decomposition T = {Ci} i G /. 

In [TO] (Theorem 4.14), we proved that if the base hyperbolic metric Ho satisfies 
Shiga's Condition, then we have 7 qc (H ) = Ti s (H ) (set-theoretically). 

If the base topological surface were of finite type, then it is known that the 
length-spectrum and the quasiconformal Teichmiiller spaces coincide setwise, and 
that the topologies defined on that set by the length-spectrum metric and the qua- 
siconformal metrics are the same. This is because the Teichmiiller space topology 
is induced from the embedding of that space in the space of positive functions 
on §, equipped with the weak topology via the length functions. The fact that the 
topology induced by the length-spectrum metric coincides with this topology follows 
from the fact that the geodesic length functions of some finite number of elements 
of § are sufficient to parametrize Teichmiiller space and to define its topology, see 
[5J. See also [7] and 0. 

The case of surfaces of infinite type is different. The first negative result in this 
direction is a result by Shiga, who proved in [15] (Theorem 1.1) that there exists a 
hyperbolic structure Hq on a surface of infinite type and a sequence (H n ), n > 1 
of hyperbolic structures in 7i s (Hq) which (when they are regarded as conformal 
structures) are at the same time are in 7 qc (Ho) that satisfy 

di s (H n ,H Q ) ->• 0, while d qc (H n ,H Q ) -> oo. 

This shows that di s does not induce the same topology as that of d qc on T qc (H ). 

In the same paper, Shiga showed that if the hyperbolic metric Ho satisfies Prop- 
erty then di s induces the same topology as that of d qc on 7 qc (S). 

Furthermore, Shiga showed that there exists a Riemann surface of infinite type 
such that the length spectrum distance du restricted to the quasiconformal Te- 
ichmiillcr space 7 qc (So) is not complete (15, Corollary 1.1]). We shall give below 
( Example 1 5. 1|) another example of this phenomenon, by a construction that is prob- 
ably simpler than the one of Shiga. The hyperbolic structure in this example is 
also different from the one given by Shiga, because in our example the surface (as 
a metric space) is complete whereas in Shiga's example it is not. 
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We prove below (Proposition 13. 2p that for some base hyperbolic structures H , 
we have 7i s (Hq) Jfn{Hq). We also give an example of a hyperbolic struc- 
ture Hq and a sequence of points Xi,i = 1, • • • in 7i s (Hq) n 7fn(Hq) such that 
limn-^oo di s (x n , Hq) = while linin^oo d,FN(x n , Hq) = oo (Proposition [331) . 

The length spectrum metric on any Teichmiillcr space of a conformally finite 
type Riemann surface is complete (see [TU1 Theorem 2.25]). The proof in [TU] does 
not extend to the case of Teichmuller spaces of surfaces of infinite topological type. 
We prove this result for surfaces of infinite topological type in g] below. More 
precisely, we prove that for any base hyperbolic metrics Hq on S, the metric space 
(Ti s (Ho),dis) is complete (Theorem 14. 5[) . This result answers a question we raised 
in [TU] (Question 2.22). 

2. The length spectrum and the quasiconformal Teichmuller spaces 

jfor thr reader's convenience, we review briefly a few basic facts about the length 
spectrum and the quasiconformal Teichmuller spaces. 

All the homotopies of a surface that we consider in this paper preserve the 
punctures and preserve setwise the boundary components at all times. 

Throughout this section, Hq is a fixed hyperbolic surface on the surface S, called 
the base hyperbolic structure. Given a hyperbolic surface H on S and a homco- 
morphism / : (S,Hq) — > (S,H), we define the length- spectrum constant of f to be 
the quantity 



(5) L(f) = sup 

aGS(ff) 



Iff (/(«)) Iff (a) 



Iff (a) 'Iff (/(a)). 

This quantity depends only on the homotopy class of /. 
We say that / is length- spectrum bounded if L(f) < oo. 

In the setting of the length spectrum Teichmuller space, we consider the collec- 
tion of hyperbolic structures H on S such that the identity map Id : (S, Hq) — > 
(5, H) is length-spectrum bounded. Given two such hyperbolic structures H and 
H' , we write H ~ H' if there exists an isometry (or, equivalently, a length spec- 
trum preserving homeomorphism)from f(S,H) to (S',H') which is homotopic to 
the identity. The relation ~ is an equivalence relation on the set of length-spectrum 
bounded hyperbolic structures H with respect to the basepoint Ho. 

Definition 2.1. The length- spectrum Teichmuller space 7i s (Hq) is the space of 
^-equivalence classes of length-spectrum bounded hyperbolic structures. The base- 
point of this Teichmuller space is the equivalence class Hq. 

We note that the fact that we do not ask our homotopies to preserve pointwise 
the boundary of the surface corresponds to working with what is usually called the 
reduced Teichmuller space, instead of Teichmuller space. (In the latter case, the 
homotopies that define the equivalence relation are required to induce the identity 
map on each boundary component.) Since all the Teichmuller spaces that we use 
in this paper are reduced, we shall use, for simplicity, the terminology Teichmuller 
space instead of reduced Teichmuller space. 

The topology of 7i s (Hq) is induced by the length- spectrum metric di s , defined by 
taking the distance di s {H, H') between two points in 7i s (Hq) represented by two 
hyperbolic surfaces H and H' to be 

(6) d ls {H,H') = UogL{for X ). 

(It may be useful to recall here that the length-spectrum constant of a length- 
spectrum bounded homeomorphism only depends on the homotopy class of such a 
homeomorphism. ) 



TEICHMULLER SPACES 



5 



The fact that the function du satisfies the properties of a metric is straightfor- 
ward, except perhaps for the separation axiom, see [10] . 

A Riemann surface is a one-dimensional complex manifold. 

Given a real number K > 1, a homeomorphism / : R — > R' between two Riemann 
surfaces is said to be K -quasiconformal if / has locally distributional derivatives 
satisfying at each point the following inequality: 

5; j I fz | ■ 

The quasiconformal dilatation, or, in short, the dilatation of /, is the infimum of 
the real numbers if for which / is if -quasiconformal. 

In the setting of the quasiconformal Teichmiiller space with basepoint a Riemann 
structure surface i?o on S, we only consider Riemann surfaces R on S such that the 
identity map Id : (S,Rq) — > (S,R) is quasiconformal. Given two such conformal 
structures R and R' , we write R ~ i?' if there exists a conformal map from (S, R) 
to (S',R') which is homotopic to the identity. The relation ~ is an equivalence 
relation on the set of conformal structures R on S, with respect to the basepoint 

Rq. 

Definition 2.2. Consider a Riemann surface structure Rq on X. Its quasiconformal 
Teichmiiller space, 7 qc (Ro), is the set of ^-equivalence classes of Riemann surface 
structures on S. 

The space T qc {Ro) is equipped with the quasiconformal metric, also called the 
Teichmiiller metric, of wxhich we also recall the definition: Given two (equivalence 
classes of) Riemann surface structures R and R' on S, their quasiconformal distance 
d qc (R,R') is defined as 

(7) d qc (R,R') = ^\ogM{K(f)} 

where the infimum is taken over quasiconformal dilatations K(f) of homcomor- 
phisms / : (S,R) — > (S,R') which are homotopic to the identity. 

The equivalence class of the marked Riemann surface Rq is the basepoint of 
7 qc (Ro). 

We refer to Nag [11] for an exposition of the quasiconformal theory of infinite- 
dimensional Teichmiiller spaces. In particular, it is known that the quasiconformal 
metric is complete. 

Douady and Earle gave in [5] a proof of the fact that any quasiconformal Te- 
ichmiiller space T gc (i?o) is contractible (see [5J Theorem 3], where this result is 
also attributed to Tukia). It is unknown whether the length spectrum Teichmiiller 
spaces are contractible. 

3. The Fenchel-Nielsen Teichmuller spaces 

We shall consider Fenchel-Nielsen coordinates for spaces of homotopy classes of 
hyperbolic structures on S. We carried out in [3] a study of these parameters in the 
setting of surfaces of infinite type. These parameters are associated to a fixed base 
hyperbolic structure equipped with a fixed geodesic pair of pants decomposition 
7 = {C{}i£i. The boundary components of S (if they exist) are all homeomorphic 
to circles, and are part of the curve system C, in the pair of pants decomposition. 
Fenchel-Nielsen coordinates are defined in the same way as the Fenchel-Nielsen 
parameters associated to geodesic pair of pants decomposition in the case of surfaces 
of finite type, but some care has to be taken regarding the existence of such a pair of 
pants decomposition in the infinite type case. In the paper [5] we gave a necessary 
and sufficient condition on a hyperbolic structure on a surface of infinite type S so 



() 



D. ALESSANDRINI, L. LIU, A. PAPADOPOULOS, AND W. SU 



that a topological pair of pants decomposition of S can be made geodesic (see [3J 
Theorem 4.5]). We called this condition Nielsen-convexity. 

Given a hyperbolic structure H on S, to each homotopy class of closed geo- 
desic Ci G CP, we associate a length parameter and a twist parameter. The length 
parameter is the familiar quantity IniCi) G]0, oo[; that is, it is the length of the 
-ff-geodesic in the homotopy class Cj. The twist parameter is defined only if Ci is 
not the homotopy class of a boundary component of S, and it measures the relative 
twist amount along the geodesic in the class Ci between the two generalized pairs of 
pants that have this geodesic in common (the two pairs of pants can be the same). 
The definition is the same as the one that is done in the case of surfaces of finite 
type. A precise definition of the twist parameters is contained in [THl Theorem 
4.6.23]. The twist amount per unit time along the (geodesic in the class) Cj is cho- 
sen to be proportional (and not necessarily equal) to arclength along that curve, 
and we make the convention, as in [2], that a complete positive Dehn twist along 
the curve Ci changes the twist parameter by addition of 2tt. Thus, in some sense, 
the parameter 6n(Ci) that we are using is an "angle" parameter. 

The Fenchel-Nielsen parameters of H is the collection of pairs ((Z#(Cj), #ff (Cj))) ig/ , 
where it is understood that if Ci is homotopic to a boundary component, then there 
is no twist parameter associated to it, and instead of a pair {luiCi), Oh (Ci)), we 
have a single parameter lu(Ci). 

If two hyperbolic structures on S are equivalent, then their Fenchel-Nielsen pa- 
rameters are the same. 

Given two hyperbolic metrics H and H' on S, we define their Fenchel-Nielsen 
distance with respect to y as 



(8) oIfn(H, H') = sup max 
iei 



, Ih(C 1 
log- 



again with the convention that if Ci is the homotopy class of a boundary component 
of S, then there is no twist parameter to be considered. 

Given two hyperbolic structures H and H' on S, we say that they are Fenchel- 
Nielsen bounded (relatively to CP) if their Fenchel-distance is finite. Fenchel-Nielsen 
boundedness is an equivalence relation. 

Let Ho be a homotopy class of a hyperbolic structure on S, which we shall 
consider as a base element of Teichmiiller space. We consider the collection of ho- 
motopy classes of hyperbolic structures H which are Fenchel-Nielsen bounded from 
Hq and with respect CP. Given two such homotopy classes of hyperbolic structures 
H and H' , we write H ~ H' if there exists an isometry from (S, H) to (S, H') which 
is homotopic to the identity. The relation ~ is an equivalence relation on the set of 
Fenchel-Nielsen bounded homotopy classes of hyperbolic surfaces H based at H$. 

Definition 3.1 (Fenchel-Nielsen Teichmiiller space). The Fenchel-Nielsen Teich- 
miiller space with respect to CP and with basepoint Hq, denoted by 7fn(Hq), is the 
space of ^-equivalence classes of hyperbolic structures which are Fenchel-Nielsen 
bounded relative to Ho and CP. 

The function dpjy defined in ([5]) is clearly a distance function on 'Tfn(Ho). The 
basepoint of this Teichmiiller space is the homotopy class Hq- 

We shall call the distance dpjy on T^j\r(i?o) the Fenchel-Nielsen distance relative 
to the pair of pants decomposition CP. The map 

7 FN (H ) 3H^ (log(Ma)),MC)Ma)), ieJ G £°° 

is an isometric bijection between Tfn(Ho) and the sequence space l°°. It follows 
from general properties of ^°°-norms that the Fenchel-Nielsen distance on Ifn(Hq) 
is complete. 
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We prove in the next two propositions that we have in general 7i s (Hq) <f_ 
Tfn(Ho) and that the lengh-spectrum distance and Fenchel- Nielsen distance might 
behave very differently. 

Proposition 3.2. Let Hq be a hyperbolic structure on S , such that there exists a 
sequence of homotopy classes of disjoint essential simple closed curves on S whose 
lengths tends to 0. Then there exists an element H in 7i s (Ho) with H £ 7 F n(Hq). 

Proof. Without loss of generality, we may assume that there exists a sequence 
a n ,n = 1,2..., of homotopy classes of disjoint essential closed curves on S whose 
lengths satisfy Zff (a„) = e n with e~(™ +1 )" < e n < e~™ . 
Let 

log | log £» | 

t n = [ J + 1, n = 1,2, . . . 

where [r] denotes the integral part of the real number r. 

For each n = 1, 2, . . ., let r n be the t n -th power of the positive Dchn twist about 
a n . We take all the positive Dehn twists to be supported on disjoint annuli, we let 
T be the infinite composition t\ o T2 o . . ., and we set H = T(Hq). Then for every 
n = 1, 2, ■ • • , we have, from the definition of the Fcnchcl-Nielsen distance, 



d FN (H 07 H)) > 2irt n l Ho (o! n ) 

> 2tt log | log e n | . 
Since linin^oo e„ = 0, we obtain dFN(Ho, H) = oo. 

The proof that di s (Ho, H) < oo is given in [TUJ Proposition 4.7]. □ 

Proposition 3.3. Let Hq be a hyperbolic structure on X , such that there exists a 
sequence of homotopy classes of disjoint essential simple closed curves in X whose 
lengths tend to 0. Then there exists a sequence of elements Xi, i = 0, 1, • • • in 
7i s (H )n7 FN (H a ) such i/iai lim n _ i . 0O du(x n , H ) = 0, while\\m n ^ 00 d FN (x n ,HQ) 
x 

Proof. We consider a set a n of homotopy classes of disjoint simple closed curves 
satisfying the same properties as in the proof of Proposition [XU We take the same 
definition of e„, of t n and of the multiple Dehn twists r n supported on disjoint 
annuli. Then for each n = 1, 2, • • • , we have 



d FN (H Q ,T n (H )) > 2irt n l Ho (a n ) 
> 2?rlog | loge„|. 

Since the above inequality is valid for any n > 1 and since linin^oo e„ = 0, we 
have linin-Kx, d FN (H ,T n (H )) = oo. 
Next we show that 

V J ITJ tTJW V 1 (lH Q {Tn{0i)) Ih {ol) 

hm di s (H ,T n (H )) = km log sup {— — r ^—, 1 — -, — ^r) = 0. 

The proof is adapted from the proof of Propositions 2.13 and 4.7 of jlOj . 

Let a be an arbitrary homotopy class of essential curves in X. 

For i G /, if i(a, a n ) = 0, then a = r„(a) and ijj (r„(a)) = Ih q (oi). 

Assume now that i(a, a n ) ^ 0. By the Collar Lemma (see [1]), on any hyperbolic 
surface H, any closed geodesic whose length e is sufficiently small has an embedded 
collar neighborhood of width | loge|. Thus, we can write, for all n > 0, 

lH {T n {a)) > i(a,a„)\ loge n |. 
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From the definition of a Dehn twist, we then have 

Ih {o) < lH (T n (a)) + i(a, a n )t„e n . 



Thus, we obtain 



lH (T n (a)) t i(a,a n )t 



Ih„{(x) l Ho (T n (a)) 
log | log e n 



< f 

< f 

< f 



I log e n \ 
log(n + l) 



n 

which is bounded independently of a and n. In the same way, we can prove that 
I h {a) < 1 + £ Tliig giveg ij nin _^ oo di s (H Q , t„ (Hq)) = limn^oo di s (x n ,H ) = 0. 

lHo(Tn{a)j n 

□ 

4. Completeness of the length spectrum metric 

In this section, Hq is a hyperbolic structure on S, (T; s (iJo), di s ) is the length- 
spectrum Teichmiiller space based at this point, equipped with the length-spectrum 
distance, and T = {Ci}i^i is a hyperbolic pair of pants decomposition of Hq. For 
every hyperbolic structure H on S, we denote by {lii{Ci),6H(Ci)) ieI its Fenchel- 
Nielsen coordinates with respect to 7. 

Lemma 4.1. Let (x n ) C T; s (i7o) be a sequence converging to a point x in 7i s (Hq). 
Then for all i G I we have l Xn {Ci) — > l x (Ci) and 9 Xn {Ci) — > 9 x (Ci). 




Proof. From the definition of the length-spectrum distance, for every simple closed 
curve 7CSwe have that l Xn (-f) —> l x (j). In particular l Xn (Ci) —> l x (Ci). For every 
curve Cj, we consider an essential simple closed curve /3, which is not homotopic 
to it and intersecting it in a minimal number of points (which is two or one) and 
which is disjoint from Cj for any j ^ i. (See Figure [TJ) We let f3[ be the image of 
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Pi by the Dehn twist along Cj. We also have l Xn ((3i) —> l x {Pi)- By the formulae 
in [Tl] , the absolute value of the twist parameter along Cj is a continuous function 
of the length of the curves Cj , /3j , and of the other curves Cj at the boundaries of 
the pair of pants containing Cj. Hence \9 Xn (Ci)\ — > \9 x (Ci)\. If O x (Ci) =0we are 
done, otherwise note that by the same argument, using j3[ instead of /3j, we have 
\Qx n {Ci) + 2tt\ — > \9 x (Ci) + 2tt\, hence for n large enough, 9 Xn (Ci) and 9 x (Ci) have 
the same sign. □ 

One may ask whether the converse of this lemma is true, i.e. if (x n ) C 7i s (Hq) 
is some sequence, and if a; € 1i s (Hq) is such that l x „(Ci) — > l x (Ci) and 9 Xn (Ci) — s- 
9 x (Ci), then is it true that (x n ) — > x in the lengh-spectrum metric ? 

We prove a result of this kind under an additional hypothesis on (x n ), see Lemma 

B31 



Lemma 4.2. Let (x n ) C T; s (i?o) be a Cauchy sequence. Then there are numbers 
U G M>o and 9i G R smc/i T/iaT /or all i & I we have l Xn (Ci) h and 9 Xn (Ci) — > 6*,. 

Proof. By the definition of the length-spectrum distance, for every simple closed 
curve 7 on S, the sequence log{l x „ (l)) is a Cauchy sequence of real numbers. 
In particular, there exists a positive real number Z 7 such that ^(7) — > i 7 . In 
particular l Xn (Ci) — > Id = h- Consider the curves /3j,/3^ as in Lemma [4.11 By 
using the formulae of [13] as in Lemma |4~T1 we can see that |#a:„(Ci)| converges to 
a non-negative real number. If this number is zero, we put 9i = 0, otherwise we 
choose 9i such that \9i \ is that number. To choose the sign of 9i, we use the limit of 
the sequence \9 Xn (Cj) + 2ir\, the sign of 6*j being positive if this limit is greater that 
li, otherwise this sign being negative. With these choices we have 9 Xn (Cj) —*6i. □ 

Lemma 4.3. Let (x n ) C 7i s (Hq) be a sequence, and let x G T; s (i?o) be such that 
l Xn (Ci) — > l x (Ci) and 9 Xn (Ci) 9 x (Ci). Then for every element 7 in $, we have 

ixjri) -> ^(7)- 

Proof. The closed curve 7 is compact, hence it is contained in a subsurface S' of S 
that is the union of finitely many pairs of pants of the decomposition CP. Choose 
representatives in the equivalence classes of the structures x n and x such that the 
boundary curves of S' are geodesies. Consider the restrictions x' n and x' of our 
hyperbolic structures to S'. On this finite type subsurface there are only finitely 
many Fenchel-Nielsen coordinates, hence the surfaces x' n and x' are upper bounded 
and dpN(x / n ,x / ) — > 0. By the result in [2], we have d qc {x' n ,x') — > 0, which, by 
Wolpert's Inequality, implies di s (x' n ,x') — > 0. In particular l Xn ('f) — > l x {l). □ 

Lemma 4.4. Let (x n ) C (T; s (ifo), di s ) be a Cauchy sequence, and let x G T; s (i?o) 
be such that l x „(Ci) —> l x (Ci) and 9 Xn (Ci) —> 9 x (Ci). Then di s (x n ,x) 0. 

Proof. By hypothesis, (x n ) is a Cauchy sequence; that is: 

Ve > 0, 3N : Vn, m > N ,di s (x n ,x m ) < e 
Take an element 7 of §. From the above property, we have, Vn, m > N, 



log- 



< e 



i» m (7) 

By Lemma T4. 31 we have i Xm (7) — ^ ^x(t)j hence Vn > iV, 

«x (7) 

Taking the supremum over all 7 in §, we have 



< e 



Ve > 0,37V : Vn > TV, d ;s (x„, x) < e; 



10 



D. ALESSANDRINI, L. LIU, A. PAPADOPOULOS, AND W. SU 



that is, x n — > x. □ 

Theorem 4.5. For any hyperbolic metric Hq on S, the metric space (T; s (7i/o), di s ) 
is complete. 

Proof. This is a direct corollary of Lemmas 14.21 and 14.41 Take a Cauchy sequence 
(x n ) in T; S (X). By Lemma [4.2[ we can find the limits of length and twist parameters 
(h,0i) of Ci. Use these numbers to construct a marked hyperbolic surface with 
Fenchel-Niclscn coordinates (Zj,0j). By Lemma [4.41 the sequence x n converges to 
this marked hyperbolic surface. Hence every Cauchy sequence has a limit. □ 

Remarks 4.6. 1) Theorem 14.51 answers Question 2.22 of [TU], which asks for nec- 
essary and sufficient condition for a hyperbolic structure S on a Riemann sur- 
face of infinite topological type under which the length-spectrum Teichmiiller space 
(7i s (H ),di a ) is complete. 

2) The proof of Theorem 14.51 also works for surfaces of finite type. For such 
surfaces, the result was already known, see [TU1 Theorem 2.25]. 

Question 4.7. we have the inclusion 7 qc {X) C 7i s {X), and we proved that this 
is not always an equality. Is it true that T qc (X) is dense in Ti s (X) ? If this were 
true, (7i s (X),di s ) would be the metric completion of (1 qc (X),di s ). 



5. More examples 

In this section, we give examples of a hyperbolic structure Hq such that the 
restriction of the length-spectrum metric di s to the Teichmiiller space 7 qs (H) is not 
complete. Of course, the hyperbolic structures does not satisfy Shiga's condition 
©■ 

The first example is an adaptation of an example that was given in [5] . 

Example 5.1. Let Hq be a hyperbolic surface with a pants decomposition D 3 = 
{Ci | i G /}, such that for some subsequence of Ci k contained in the interior of 
Hq, lti {Ci k ) = 6k — > 0. For each n = 1,2, . . ., let H n be the hyperbolic surface 
obtained by a positive multi-Dchn twist of Hq along C% n of order t n = [log | loge n |]. 
Note that t n — > oo as n — > oo but r-™ > 0. We show that 

di s (H n ,H ) -> 0, while d qc (H n ,H Q ) -> oo. 

Let us first show that di s (H n , Hq) — > 0. Recall that the length spectrum metric 
is defined by 

t / jj jj \ , l H n {l) , Iffii) i 

di s (H n ,Ho) = max log sup - — -— , log sup - — -— } , 

where the supremum is taken over all essential simple closed curves 7 on S. 

If for some k a simple closed curve 7 does not intersect d k , then the hyperbolic 
length of 7 is invariant under the twist along Ci k . If 7 intersects Ci k , we have 

iff fc (7)-i(7,C i J**<iffo(7)<iff*(7)+*(7,a)«fc- 

As a result, 

d ;s (i^,ff )=max{log sup log sup ^44}. 

i(7.Ci fc )^o 'J?(.7J j( 7 ,c ifc )#o iff* (7; 

We have 

log < i g ^o(7) +»(7»CiJ*fe = log , x + i^hCjjJtk , < t(7»CiJ*fc 

^0(7) ~ ^ffo(7) ^0(7) ~ ^o(7) 
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and similarly, 



log Mil <i og l JtM < i(-y,c ik )t k 

iH h {i) iH {i)-i{i,c ih )t k i H „h) 



Thus, we have 



(9) d ls (H k ,H )< sup 



i{l,Ci h )tk 



i( 7 ,c ife )^o IhoO) 

Note that as Zif (Cj fc ) — > 0, for any 1(7, d k ) 7^ 0, I Hod) tends to infinity. In 
particular, if lH {Ci k ) = e k , then it follows from the Collar Lemma (see [3]) that 
Ih {i) is bigger than 1(7, Ci k ) \ loge^l, up to a multiplicative constant. 

Thus, we assume that every e k is less than some fixed constant M > 0. Then 
there is a constant C depending on M, such that, Ih (7) is larger than Ci(7, Ci k ) | log e k \ , 
as follows from the Collar Lemma [4]. This lemma says that, for each simple closed 
geodesic with length I less than M, there is a collar neighborhood of width larger 
than w, where w is given by 

sinhui = 1/ sinh(£/2). 

A simple computation shows that there is a constant C depending on M such that 
w is larger than C|logf|. Since any simple closed curve 7 which intersects with 
Ci k should cross the collar neighborhood for 1(7, C, fe ) times, its hyperbolic length 
should be larger than Ci(-f, Ci k ) \ logefe|. 

As a result, the right hand side of Inequality ^ tends to as k — > 00. Thus we 
have di s {H k ,H ) -> 0. 

The proof of d qc {H kl H a ) — » 00 is given by Lemma 7.2 in [2]. 

For a generalization, see Theorem 7.6 in [2], and Theorem 15.61 below. 

Example 5.2. Let Ho be a hyperbolic surface with a hyperbolic pants decompo- 
sition CP = {Ci} such that for some subsequence of Ci k contained in the interior of 
Hq satisfies 

(i) lH {C lk ) = a k ->• 00. 

(ii) For any geodesic arc a connecting two points (not necessary distinct) on Ci k , 
but a C Ci kl a has hyperbolic length ln (a) > ka k . 

Let H k be the hyperbolic surface obtained by positive Dehn twist of Hq along Ci k . 
Then for any simple closed curve 7 such that i{Ci k ,j) ^ 0, Ih {i) is bigger than 
ki(j,C ik )a k and ^(7) - i(j,C ik )a k < l Hk {l) < Ih {i) - i{l,C ik )a k . The same 
arguments with the above example show that on the Tcichmiillcr space T(_ffo) 9C , 
di s (H k ,H ) ->• while d qc (H k ,H ) -)• 00. 

Remark 5.3. Concrete examples satisfying the conditions (i) and (ii) in Exam- 
ple 15.21 are constructed by Shiga [THj and Matsuzaki ffjj . Both of these examples 
also satisfy the condition that the number of simple closed geodesies on Hq whose 
lengths are uniformly bounded from above is finite, therefore the hyperbolic struc- 
tures are different from those of Example 15.11 In the example of Shiga [TS] , the 
Riemann surface induced by Ho is not complete. Matsuzaki [TJ] has refined Shiga's 
construction to give a complete Riemann surface Hq and then he showed that for 
such an Hq, the Teichmuller modular group Mod(i?o) has only a countable number 
of elements. 

Remark 5.4. The above two examples show that there exist hyperbolic surfaces 
Hq of infinite topological type, which do not satisfy Shiga's condition, such that 
d qc and di s are not topologically equivalent on 7 qc (Ho). 

We now give a proof of a theorem due to Shiga [T5] , which is different from the 
one given by Shiga. 
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Theorem 5.5. There exist surfaces S of infinite topological type and hyperbolic 
structures on such surfaces such that the length- spectrum metric is not complete on 
(7 qc (Ho), dis). 

Proof. Examples of such hyperbolic structures are those given in Examples 15.11 and 
15.21 above. We shall prove the required property for the structures in Example 15.11 
The proof for the structures given in Example 15.21 is similar. 

We consider the surface of Example 15.11 and we construct a Cauchy sequence in 
(7(Ho),di s ) that does not have a limit. 

Recall that Ho is a hyperbolic surface with a pants decomposition ? = {Ci}, such 
that for some subsequence of d k contained in the interior of Hq, Ih (Ci k ) = — > 0, 
and that tk = [log | logefe|]. Let Hi be the hyperbolic surface obtained from Hq by 
the positive multiple Dehn twist of order t\ along Ci 1 . More generally for all k > 0, 
let Hk be the hyperbolic surface obtained from Hk-\ by the positive multiple Dehn 
twist of order tk along Ci k . Then as in the proof of Example 15.11 we can show that 
dis(H m , H n ) — > as m, n — > oo. As a result, (Hk) is Cauchy sequence in (T(i?o), di s ). 
We prove that (Hk) has no limit in (7 qc (Ho), di s ), by contradiction. Suppose there 
is a hyperbolic surface H 6 7 qc (Ho), such that di s (Hk,H) —> 0. Consider the 
Fenchel-Nielsen coordinates determined by Hq and 7. From the construction of the 
sequence (Hk), the Fenchel-Nielsen coordinates of H are {(///(Ci), #//(Ci))}, where 
l H (Ci) = l Ho (Ci), e H {C ik ), with 6 H (C ih ) = 27T0* and 9 H (Cj) = when j ? i k . We 
claim that d qc (Ho, H) = oo. As a result, H does not belong to 7 qc (Ho), which is 
contradicted by the assumption. 

To show that d qc (Ho, H) — oo, we use the following theorem [3J Theorem 7.6]: 

Theorem 5.6. Let Hq be a hyperbolic surface with a hyperbolic pair of pants de- 
composition P = {Ci}, and assume that there exists a positive constant Lq such 
that lii {Ci k ) < L for all k = 1,2,.... Let Ci k , k = 1,2, ... be a subsequence of 
(Ci), and let t = (tk), k = 1,2,... be a sequence of positive real numbers. Let 
H t be the hyperbolic metric obtained by a Fenchel-Nielsen multi-twist along Ci k , of 
distance ti measured on Ci k , for each k. Then if d qc (Ho, H t ) < M, we have 

sup\t k \<Cd qc (H,H t ) 

k 

where C is a positive constant depending on L and M . 

It follows from the above theorem that if d qc (Ho, H) is finite, than tk is uniformly 
bounded, which contradicts the fact that tk = [log | loge^)] — > oo. 

□ 

Remark 5.7. Shiga's examples of hyperbolic structures are not complete (as metric 
spaces) whereas in our examples they are complete. To see this, note that since 
the geodesic length of each curve in the pairs of pants decomposition that we use 
is bounded uniformly from above, it follows that any closed ball of radius 1 on the 
surface is contained in a finite number of pairs of pants of the given decomposition, 
and therefore it is compact. Thus, by the theorem of Hopf-Rinow, the metric is 
complete (see [5J Lemma 4.7]). 
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